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Seismic Response of Retaining Structures
P. M. Byrne, Associate Professor
F. Salgado, Research Assistant
Civil Engineering Department, The University of British Columbia, Vancouver, Canada

SYNOPSIS A simple method of analysis which allows both the earthquake induced forces and displacements of retaining structures to be computed is presented. The method considers both the weight
of the wall and the flexibility and strength of both the backfill and foundation soil.
A single
degree of freedom elastic-plastic model is used and the equation of motion is integrated to yield
the time histories of wall force and displacement.
The method is applied to a gravity retaining
wall structure subjected to three different acceleration time histories.
The results indicate
that: (1) the dynamic displacements will be small for walls having the usual static factor of
safety against sliding ~ 1.5;
(2) the maximum dynamic force on the wall increases as the factor
of safety against sliding increases and can be greater than the Mononobe-Okabe value when sliding
is prevented from occurring.
INTRODUCTION
wall itself.
A rigorous analysis would require
a finite element d1scretization of the domain
together with a time step integration o£ the
resulting equations of motion.
Such an analysis
is complex, and herein a simpler model based on
a single degree of freedom system is presented.

The earthquake induced forces on retaining wall
structures are commonly conputed from an extension of the Coulonili sliding wedge theory in
which the transient earthquake forces on the
soil backfill are represented by an equivalent
static force designated by a seismic coefficient.
This method was developed by Okabe
(1926) and Mononobe and Matsuo (1929) and their
equation for computing the earthquake induced
forces on the wall is generally referred to as
the Mononobe-Okabe equation.
These additional
forces may cause failure of the structural
components of the wall and this must be considered in its design.
However, distress due to
displacement caused by sliding at the base of
the structures must also be considered.

METHOD OF ANALYSIS
The cantilever retaining wall shown in Fig. 1
is modelled as a single mass connected to the
free field by two elastic-plastic springs as
shown in Fig. 2.
It is assumed that the soil
contained in the domain above the base and
shown as the shaded zone in Fig. 1 moves with

Newmark (1965) presented a simple method for
predicting the earthquake induced displacement
of a soil mass, which although developed for
earth slopes, is also appropriate for retaining
structures and has been used by Richards and
Elms (1979) for this purpose.
In this method
the displacement of the wall due to sliding
along its base is computed from the time history of accelerations, considering the wall and
adjacent soil to respond as a single degree of
freedom rigid plastic system.
The forces on
the wall, however, cannot be computed from this
method.
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p

The Mononobe-Okabe equation allows the seismic
forces on the wall to be computed but not the
displacements.
The Newmark approach allows
the displacements to be computed but not the
wall forces.
It would be desirable to have a
single method of analysis which would allow
both the forces and displacements of the wall
to be computed.
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A rational method of analysis requires that
both the flexibility and strength of the soil
surrounding the wall be considered together
with the weight and structural stiffness of the

FIG.I CANTILEVER RETAINING
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WALL.

The lower or base spring represents the compliance of the foundation soil relative to the
free field and its yield limit represents the
limiting frictional resistance that can b~
mobilized at the base.
Under the pre-earthquake
static condition the force in this spring will
be Qst opposing the static force from the
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lateral spring (Pst = Qst).

As the wall moves

away from the backfill, the force in this spring
may increase to the yield value at which time
base slip occurs.
If the wall moves towards
the backfill the force drops and may change
sign and yield on the negative side as shown in
Fig. 4.
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FIG.2 MODEL.

the wall, and hence the equivalent single mass
is the mass of the wall plus the mass of the
soil in the shaded zone. The line A-B above
the heel of the wall represents the effective
face of the wall.
The force in the upper or
lateral spring represents the lateral earth
pressure on the effective face of the wall,and
the force-deflection characteristics of this
spring are shown in Fig. 3.
The upper and
lower yield points represent the active and
passive condition~ and the stiffness of the
spring in the elastic range is based on
Terzaghi (1934) and Lambe and Whitman (1969).
Initially, the force in this spring is the
static value Pst' and as the wall moves away
from the backfill during the earthquake, the
force drops to the active value.
Should the
wall move towards the backfill the force increases and could reach the passive value as
shown in Fig. 3.
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FIG.4 BASE

SPRING.

The strength and deformation properties of both
the backfill and foundation soil may degrade
during the shaking, particularly so if they
comprise of saturated loose to medium dense
granular material.
This could be accounted
for in the analysis by changing the spring
properties as the shaking proceeds.
However,
in the analysis presented herein it is assumed
that the soils do not degrade and the properties
of the springs are kept constant with time.
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The equation of motion of the system is:

lr
Q.

Mx

en

= P - Q - MXb -
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in which
the acceleration of the mass relative to
the free field, P is the force in the lateral
spring obtained from Fig. 3, Q is the force in
the base spring obtained from Fig. 4, xb is

x=

\
0
WALL MOVEMENT,X

FIG.3 LATERAL

SPRING.

the free field horizontal acceleration, c is
the viscous damping factor, and xe is the

+

time rate of change of tne elastic displacement
in the base spring.
The above equation was
solved by a step-by-step integration in the
time domain using the linear acceleration
incremental procedure outlined by Clough and
Penzjen (1975).
Viscous damping corresponding
to 5 percent of critical while the base spring
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remains elastic was also added.
The above
equation was solved for various time histories
of acceleration to yield the wall displacement,
and the force on the wall, P.

records based on Seed et al. 1976, and shown in
Fig. 6.
In general, only 10 seconds of the
records were considered.
TABLE - I
SOIL FILL PROPERTIES

ANALYSES PERFORMED
The method was applied to the 20 ft. high cantilever retaining wall shown in Fig. 5. The
soil and spring properties used are shown on
Tables I and II.
The yield force of the base
spring, Qy' is expressed in terms of the static

Friction Angle, ii5

factor of safety against sliding, Fs' and the

Unit Weight

40°

Active Coefficient, KA

0.217

Passive Coefficient, KP

4.60
l35.Lb/cf

active force, PA' as follows:
(2)
Three earthquake acceleration records were
used: the San Fernando, 1971 record at Lake
Hughes, Station 12; the El Centro, California
record of 1940; and the Alameda Park, Mexico
City record of 1962. The San Fernando record
was obtained on rock and is an appropriate free
field motion to use when the base of the retaining wall rests on rock.
The El Centro
record is appropriate where deep cohesionless
deposits are present and the Alameda Park,
Mexico City record is appropriate for sites
underlain by deep soft compressible clay layers.
The earthquakes were scaled to represent a peak
acceleration of 0.5 g on rock and hence the
San Fernando record was scaled to 0.5 g.
Field
evidence suggests that peak accelerations
associated with strong ground shaking are deamplified as they pass through soil deposits,
and hence lower acceleration levels would be
appropriate for the El Centro and Alameda Park
records.
These lower values were taken as
0.33 g and 0.27 g for the El Centro and Alameda

..

TABLE - II
FOUNDATION STIFFNESS (Lb/ft)
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0.5
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Note' Relationships shown above 0.:!19
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FIG.6 APPROXIMATE RELATIONSHIPS BETWEEN
MAXIMUM ACCELERATIONS ON ROCK
AND OTHER LOCAL SITE CONDITIONS.

( After Seed et ol.l976)

RESULTS
Typical time histories of the earthquake induced
displacements of a wall having a static factor
of safety against sliding, Fs = 1.5 are shown
FIG.5 CANTILEVER RETAINING
WALL USED IN THE
ANALYSIS.

in Fig. 7. As expected, the displacement
accumulates with time, and maximum values occu~s
at the end of the shaking period.
It may be
seen that somewhat larger displacements
occur when the pre-earthquake static force on
the wall is the "at rest" value, p , rather than
0
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markedly for Fs < 1.3.
It may also be seen
that the displacements are considerably larger
for the longer predominant period Alameda Park
record .
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FIG.7 EARTHQUAKE INDUCED DISPLACEMENTS
AS A FUNCTION OF TIME.
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The lateral dynamic forces on the wall are
shown in Fig. B. The lateral dynamic force,
Pdy' is expressed in terms of the dynamic
lateral force ratio, R , given by:
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p

(3)
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1.8
2.0
Static Foetor of Safety against Sliding

in which PA = the active force.
It may be seen
that R oscillates between l and about 1.4 and
p

that the maximum value may occur at any time
during the shaking.
A pre-earthquake lateral
force equal to the "at rest" value, P , rather
0

FIG. 9 MAXIMUM DISPLACEMENTS VERSUS
STATIC FACTOR SAFETY AGAINST
S Ll D I N G . ( M 0 T I 0 N D U RAT I 0 N = I 0 sec.)

than the active value, PA, causes higher dynamic forces in the initial period of shaking.
However, once sliding occurs, the dynamic
forces are similar for both cases.
F5 = 1.5

EL CENTRO RECORD
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5

The maximum displacement are compared with
those obtained by Newmark (1965) in Fig. 10.
For this comparison the El Centro record was
scalen to a maximum acceleration of 0.5 g and
the time scale was latered to produce a maximum
velocity of 30 inches/second.
The yield
acceleration, N was computed as follows:
N

10

Time in seconds

PA

w
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s

-
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( 4)

It may be seen that the analysis presented
herein predicts displacements that are in good
agreement with the simpler Newmark rigid plastic model.
The maximum lateral force ratio, R , versus the

FIG. 8

DYNAMIC LATERAL FORCE AS
A FUNCTION OF TIME.

p

static factor of safety against sliding, Fs'
is shown in Fig. ll for all 3 earthquake
records.
It may be seen that R increases with
p

In the results that follow only the maximum displacements and dynamic force ratio, Rp, are

Fs and varies considerably with the earthquake
record which in turn reflects the foundation
soil conditions. A maximum value of R = 2.15

shown.
In addition, it is assumed that the preearthquake static force equals the active force.

occurs for the El Centro record for F

The maximum displacement of the wall as a function of the static factor of safety against
sliding, Fs' is shown in Fig. 9. For all 3
earthquake records it may be seen that the displacement are small for F ~ 1.5 but increase

The maximum lateral forces predicted from the
Mononobe-Okabe equation for maximum accelerations of 0.33 g and 0.27 g are shown with
arrows on Fig. 11.
They should be compared
with the El Centro and Alameda Park record
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results.
The Mononobe-Okabe equation does not
directly consider the effect of base sliding.
The assumption involved is that sufficient base
sliding or rotation occurs to mobilize the
active conditions. Consequently it could be
expected that the lateral force predicted from
the Mononobe-Okabe equation would lie within
the range predicted from our analysis and it
does.

FOUR EARTHQUKE$ NORMALIZED
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That the lateral dynamic pressures should vary
with the amount of base sliding is in agreement
with Whitman (1978) who considered that the
dynamic pressures on walls that moved rigidly
with the underlying soil should be considerably
greater than the pressures predicted by the
Mononobe-Okabe equation.
In addition, Rowland
and Elms (1979) estimated that the dynamic
lateral forces on damaged bridge abutments in
New Zealand were about 1.6 times the values
predicted from the Mononobe-Okabe equation.
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SUMMARY
A simple method of analysis which allows both
the earthquake induced forces and displacements
of retaining structures to be computed is
presented. The method considers both the weight
of the wall and the flexibility and strength
of both the backfill and foundation soil.
However, the possibility of strength loss is not
considered. The method of analysis was applied
to a 20 ft. high cantilever wall subjected to
three different earthquake excitations representing soft to hard foundation soil conditions.
The results indicate the following:
l. The dynamic displacements of the wall
decrease with increasing static factor of
safety against sliding, Fs' and will be low

FIG.IO COMPARISON WITH
NEWMARK DISPLACEMENTS.
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for the conventional wall that has Fs 2 1.5.
2. The Newmark method gives a good estimate of
earthquake induced wall displacements.
3. The maximum dynamic horizontal force
increases with the static factor of safety
against sliding, Fs' and may be greater than
the values predicted from the Mononobe-Okabe
equation for walls that are prevented from
sliding.
4. The initial pre-earthquake static pressure
whether it be the "at rest" or active condition has only a small effect on the maximum
dynamic force on the wall. However. higher
pre-earthquake static forces cause somewhat
higher displacements.
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